Rules for integrands of the form (a + bSin[c +dx])"
1. j(bsin[c+dx])"d1x
1. J(bsin[c+dx])"dx when 2nez
1. J(bsin[c+dx])"dx when n > 1

1: |Sin[c+dx]"dx when ";—152+

Derivation: Integration by substitution

n-1

Basis: If% € Z,thenSin[c +d x]" == —%Subst{(l—xz) 2, X, Cos[c+dx]} OxCos[c +dx]

Rule: If % e 7+, then

1 n-1
Jsin[c +dx]"dx — 3 Subst[‘f(l -x?) 7 dx, X, Cos[c+ dx]]

Program code:

Int[sin[c_.+d_.*x_]"n_,x_Symbol] :=
-1/d*Subst [Int[Expand[ (1-x"*2)~((n-1)/2),x],x],X,Cos[c+d*x]] /;
FreeQ[{c,d},x] && IGtQ[(n-1)/2,0]



Rules for integrands of the form (a+b sin(c+d x))"™n

2. j(bsin[c+dx])"d1x when n > 1

1: jsin[c+dx]2dx

Derivation: Algebraic expansion
Basis: sin[z]? == 1 gepn

Rule:

. ) X Sin[2c+2dXx]
Jguﬂc+dﬂ dx —» — - ——~
2 4d

Program code:
Int[sin[c_.+d_.#x_/2]"2,x_Symbol] :=

X/2 - Sin[2xc+dxx]/(2xd) /;
FreeQ[{c,d},x]

2: j(bsin[c+dx])"d1x when n > 1

Reference: G&R 2.510.2 with g - @, CRC 299

Reference: G&R 2.510.5 with p — 0, CRC 305

Derivation: Sine recurrence 3awithA -0, B-a, C>b, m->m-1, n—> -1
Derivation: Sine recurrence 1lb withA -0, B—-09, C-b, a -0, m- -1, n>n-1

Rule: If n > 1, then



Rules for integrands of the form (a+b sin(c+d x))"™n

b Cos[c +dx] (bSin[c+dx])"'1

b2 (n-1)
.

beﬁnu+dx”"dx_4_ beﬁnU+dan4dx

dn n

Program code:
Int[(b_.*sin[c_.+d_.*x_]1)"n_,x_Symbol] :=
(+ -Cot[c+dx](cxSin[c+dxx])~n/(dxn) + br2# (n-1) /nxInt [ (b#Sin[c+dxx] )" (n-2),x]| *)

-bxCos [c+dxx] » (bxSin[c+d+x] )~ (n-1) /(d#n) + b 2« (n-1) /nxInt[ (bsSin[c+dxx])"(n-2),x] /;
FreeQ[{b,c,d},x] & GtQ[n,1] && IntegerQ[2xn]

2: J(bsin[c+dx])"dx when n< -1

Reference: G&R 2.510.3 with g -~ @, CRC 309
Reference: G&R 2.510.6 with p — 0, CRC 313
Reference: G&R 2.552.3

Derivation: Sine recurrence 3awithA -9, B—-a, C-b, m->m-1, n - -1inverted
Derivation: Sine recurrence 2a withA-1, B-90, C-0, a—>0, m—> 0

Rule: If n < -1, then

Cos[c +dx] (bSin[c+dx])n+1 n+2

bSin[c+dx])"dx — bsSin[c +dx])"™?*dx
( ) ( )

bd (n+1) +bz(n+1)

Program code:

Int[(b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
Cos[c+d»x] # (bxSin[c+dxx] )~ (n+1) / (bxdx (n+1)) +
(n+2) / (b*2% (n+1) ) xInt [ (bxSin[c+dxx])~ (n+2) ,x] /;

FreeQ[{b,c,d},x] && LtQ[n,-1] &% IntegerQ[2xn]



Rules for integrands of the form (a+b sin(c+d x))"™n

3. J(bsin[c+dx])"dx when -1<ns-1
1. [Sin[c+dx]"dx when -1<n<-1
1. jsin[c+dx]"dx when n? =1

1: Jsin[c+dx] dx

Reference: G&R 2.01.5, CRC 290, A&S 4.3.113
Reference: G&R 2.01.6, CRC 291, A&S 4.3.114
Derivation: Primitive rule

Basis: 0xyCos[c +d x] == -dSin[c +d X]

Rule:

Cos[c +dXx]

JSin[c+dx] dx — -
d

Program code:

Int[sin[c_.+Pi/2+d_.*x_],x_Symbol] :=
Sin[c+dxx]/d /;
FreeQ[{c,d},x]

Int[sin[c_.+d_.*x_],x_Symbol] :=
-Cos[c+dxx]/d /;
FreeQ[{c,d},x]



Rules for integrands of the form (a+b sin(c+d x))"™n

1
X: J— dx
Sin[c +dx]

Note: This rule not necessary since Mathematica automatically simplifies —2— to csc(z].

Sin[z]

Rule:

1
f—dlx — | Csc[c+dx] dx
Sin[c +dx]

Program code:

(» Int[1/sin[c_.+d_.*x_],x_Symbol] :=
Int[Csc[c+dxx],x] /;
FreeQ[{c,d},x] =*)



Rules for integrands of the form (a+b sin(c+d x))"™n

2. jsin[c +dx]"dx when n? == 41

1: J"\/ Sin[c+dx] dx

Derivation: Primitive rule

Basis: 9, E1lipticE |2 (x- Z), 2] = A/Sinfx]

Rule:

Program code:

Int[Sqrt[sin[c_.+d_.*x_]],x_Symbol] :=
2/d+E11lipticE[1/2« (c-Pi/2+d*x),2] /;
FreeQ[{c,d},x]



Rules for integrands of the form (a+b sin(c+d x))"™n

1
2: J—dlx
VSin[c +dx]

Derivation: Primitive rule

Basis: Oy ElllpthF[% (X - %) 5 2} == ﬁ
in[x
 Rule:
1 2 1 7
J— dx — —EllipticF[— (c- —+dx), 2]
Vsin[c +dx] d 2 2

Program code:

Int[1/Sqrt[sin[c_.+d_.+x_]],x_Symbol] :=
2/d+E1lipticF[1/2« (c-Pi/2+dxx),2] /;
FreeQ[{c,d},x]



Rules for integrands of the form (a+b sin(c+d x))"™n

2: j(bsin[c+dx])"dx when -1<n< -1

Derivation: Piecewise constant extraction

bSin[c+dx])" 0
Sin[c+dx]"™

Basis: Oy -

Rule:If -1 < n < -1, then

J(bsin[c+dx])"dlx —

Program code:

Int[(b_ssin[c_.+d_.*x_])"n_,x_Symbol] :=

(bsin[c+dx])"
—JSin[c+dx]“d1x
Sin[c+dx]"

(b#Sin[c+dxx])~n/Sin[c+d*x]*n«Int[Sin[c+d*x]*n,x] /;

FreeQ[{b,c,d},x] & LtQ[-1,n,1] && IntegerQ[2xn]

2: J(bsin[c+dx])"d1x when 2n ¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: 9, —coslexdx] g
Cos[c+d x]?

Basis: Cos[c+d x] Cos[c+d x] -1
\/Cos[c+dx}2 \/17$in[c+dx}2

Basis:Cos[c+dx] F[bSin[c+dx]] =

Rule:If 2 n ¢ Z, then

o Subst [F[x], x, bSin[c+dx]] Ox (bSin[c+dx])



Rules for integrands of the form (a+b sin(c+d x))"™n

Cos[c +dx] J«Cos[c+dx] (bSin[c+dx])“d1
X

J(bsin[c+dx])"dx —
VCos[c+dx]?

V1-Sin[c+dx]?2

Cos[c +dXx]

Xn
Subst[ _—
bdVCos[c+dx]? ll-ﬁ
bZ

— dlx,x,bSin[c+dx]]

Cos[c+dx] (bSin[c+dx] 1 n+1 n+3
— Hyper‘geometr‘icZFl[—, R , Sin[c +dx] 2]
2

bd (n+1) VCos[c+dx]? 2 2

) n+l

Alternaterule: If 2 n ¢ 7, then

. Cos[c +dx] (bSin[c+dx])"+1 1 1-n 3
(bsin[c+dx])"dx — - — HypergeometricZFl[—, y = Cos[c+dx]2]
bd (sin[c+dx]2) = 2 2 2

Program code:
(* Int[(b_.*sin[c_.+d_.#x_])"n_,x_Symbol] :=
Cos[c+d#x]/ (b+d*Sqrt[Cos [c+d+Xx]~2]) xSubst [Int [x" n/Sqrt[1-x"2/b*2],Xx],X,bxSin[c+d+x]] /;
FreeQ[{b,c,d,n},x] && Not[IntegerQ[2xn] || IntegerQ[3xn]] =x)
Int[(b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=

Cos [c+d»x]  (bxSin[c+dxx] )~ (n+1) / (bxd (n+1) xSqrt [Cos [c+d+x]~2] ) xHypergeometric2F1[1/2, (n+1) /2, (n+3) /2,Sin[c+d*x]~2] /;
FreeQ[{b,c,d,n},x] && Not[IntegerQ[2xn]]

2: ~J‘(a+bsin[c+dx])2dlx

Derivation: Algebraic expansion
Basis: (a+bz)?= 2 (2a*+b*) +2abz-3b?(1-22?)

Rule:



Rules for integrands of the form (a+b sin(c+d x))"™n

(Zaz+b2) X 2abCos[c+dx] b?Cos[c+dx]Sin[c+dXx]

J.(a+bSin[c+dx])2d1x—> - y - y
2 2

Program code:
Int[(a_+b_.»sin[c_.+d_.*x_])"2,x_Symbol] :=

(2xa”2+b"2) xx/2 - 2xaxbxCos[c+dxx]/d - b”2xCos[c+d*Xx] *Sin[c+d*x]/(2*d) /3
FreeQ[ {a,b,c,d},x]

3. j(a+bsin[c+dx])"dlx when a? - b? == @
1. J(a+b5in[c+dx])"dlx when a2-b?2=0 A 2nez
1. j(a+b51n[c+dx])"dlx when a2 -b%2==0 A 2nez*

1: J(a+b51n[c+dx])"d1x when a2 -b?:==0 A nez*

Derivation: Algebraic expansion

Rule:If a2 -b%?==0 A nez*,then

J(a+b5in[c+dx])"dlx — JExpandTrig[(a+bSin[c+dx])", x] dx

Program code:

Int[(a_+b_.»sin[c_.+d_.*x_])"n_,x_Symbol] :=
Int[ExpandTrig[ (a+bxsin[c+dxx])"n,x],x] /;
FreeQ[{a,b,c,d,n},x] & EqQ[a”~2-b”2,0] && IGtQ[n,0]



Rules for integrands of the form (a+b sin(c+d x))"™n

2. J-(a+bsin[c+dx])"d1x when a2 -b% =0 A n+%ez+

1: J\/a+b5in[c+dx] dx when a2 -b%:==0

Derivation: Singly degenerate sine recurrence 1lb withA - c, B—>d, m > %

Rule: If a? - b? == 9, then

2bCos[c +dx]

,h->-1,p->0

J\/a+bsin[c+dx] dx — -
dVa+bSin[c+dx]

Program code:

Int[Sqrt[a_+b_.xsin[c_.+d_.#x_]],x_Symbol] :=
-2xbxCos [c+d*x]/(d*Sqr‘t [a+b*Sin [c+d*X] ] ) /3
FreeQ[{a,b,c,d},x] && EqQ[a”2-b"2,0]

11



Rules for integrands of the form (a+b sin(c+d x))"™n

2: f(a+bsin[c+dx])"d1x when a2 -b% =0 A n—%ez+

Reference: G&R 2.555.7 inverted
Derivation: Singly degenerate sine recurrence 1lb withA - c, B->d, n—-> -1, p > ©

Rule:If a2 -b%? =20 A n- % e Z*, then

. b Cos[c +d x] (a+bSin[c+dx])"'1 a(2n-1) -
J(a+b$in[c+dx]) dx — - p + J(a+b5in[c+dx])_dx
n n

Program code:

Int[(a_+b_.»sin[c_.+d_.*x_])~n_,x_Symbol] :=

-bxCos [c+d*Xx] * (a+b*Sin [c+dxX] ) A (n—1)/(d*n) +

a* (2#n-1) /nxInt [ (a+bxSin[c+dxx])~(n-1),x]| /;
FreeQ[{a,b,c,d},x] && EqQ[a”2-b"2,0] && IGtQ[n-1/2,0]

12



Rules for integrands of the form (a+b sin(c+d x))"™n

2. J(a+bSin[c+dx])"dlx when a2 -b?=0 A 2nez-

1
1: J— dx when a2 -b%==0
a+bSin[c +dx]

Reference: G&R 2.555.3', CRC 337', A&S 4.3.134'/5'
Derivation: Singly degenerate sine recurrence 2awithA-1, B0, m-> -1, n->0, p—> 0

Rule: If a? - b? == 9, then

dx — -

j 1 Cos[c +dx]
a+bSin[c+dx] d(b+asSin[c+dx])

Program code:

Int[1/(a_+b_.*sin[c_.+d_.*x_]),x_Symbol] :=
-Cos[c+d#x]/ (d# (b+axSin[c+d*x])) /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b"2,0]

13



Rules for integrands of the form (a+b sin(c+d x))"™n

1

2: J. dx when a2 -b%==0
Va+bSin[c+dx]

Derivation: Integration by substitution

b Cos[c+d x]

Basis: If a% - b? == @, then 1 - _2g5ybst| L, x, —bCoslczdx] | 5
2a-x?

~Ja+bSin[c+d x] d ~Ja+bSin[c+d x]

Rule: If a? - b? == 9, then

1 2 1 bCos[c +dx]
J dx — ——Subst[J 3 dx, X,
Ya+bSin[c+dx] d 2a-x Ya+bSin[c+dx]

Program code:

Int[1/sqrt[a_+b_.xsin[c_.+d_.*x_]],x_Symbol] :=
-2/d#Subst[Int[1/ (2xa-Xx"2),X],X,bxCos [c+dxx]/Sqrt[a+bsSin[c+dxx]]] /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b*2,0]

X Jasbsin[c+d X]

14



Rules for integrands of the form (a+b sin(c+d x))"™n

3: j(a+bsin[c+dx])"d1x when a2 -b?==@0 A n<-1 A 2nez

Reference: G&R 2.555.?

Derivation: Singly degenerate sine recurrence 2awithA -1, B0, n—>0, p—-> 0

Rule:If a2 -b%2==0 A n< -1 A 2n e Z,then

bCos[c+dx] (a+bSin[c+dx])" n+1 .
J‘(a+bsin[c+dx])"d1x—> + J(a+bsin[c+dx])"+ dx
ad(2n+1) a(2n+1)

Program code:
Int[(a_+b_.»sin[c_.+d_.*x_])"n_,x_Symbol] :=
bxCos [c+d*X] * (a+b*Sin [c+d*X] ) "n/(a*d* (2%xn+1)) +

(n+1) / (ax (2#n+1) ) xInt[ (a+b#Sin[c+dxx] )" (n+1) ,x] /;
FreeQ[{a,b,c,d},x] && EqQ[a*2-b"2,0] && LtQ[n,-1] && IntegerQ[2xn]

2. J(a+b$in[c+dx])"d1x when a2 -b%?=0 A 2n¢z

X: J(a+b$in[c+dx])"dlx when a2 -b?==0 A 2n¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a% - b2 == @, then Oy Cos [c+d x] -
\Ja-bSin[c+dx] +/a+bSin[c+dx]
. 2
Basis: If a2 - b2 == 9, then a“ Cos [c+d x] Cos [c+d x] -1

va+bSin[c+dx] ~a-bSin[c+dx] +/a+bSin[c+dx] ~/a-bSin[c+d x]

Basis: Cos[c +d x] F[Sin[c+dx]] = % Subst[F[x], X, Sin[c+dx]] OxSin[c +dx]

Note: If 3 n € Z, this results in a complicated expression involving elliptic integrals instead of a single hypergeometric

15



Rules for integrands of the form (a+b sin(c+d x))"™n
function.

Rule:If a2 -b%?==0 A 2n ¢ Z,then

J(a+bsin[c+dx])"dx —

1
a2 Cos[c + d X] Cos[c+dx] (a+bSin[c+dx])"?
dx —
\/a+bSin[c+dx] \/a-bSin[c+dx] \/a—bSin[c+dx]
1
a2 Cos[c +dx] (a+bx)"z .
Subst ———  dx, X, Sin|[c +dx]]
d\/a+bSin[c+dx] \/a—bSin[c+dx] Va-bx

Program code:

(» Int[(a_+b_.«sin[c_.+d_.#x_])"n_,x_Symbol] :=
a”2xCos [c+d#x] /(d+Sqrt[a+b+Sin[c+dxx] ] +Sqrt[a-bxSin[c+dxx]]) +Subst [Int[ (a+bxx)~(n-1/2) /Sqrt[a-bsx],x],X,Sin[c+d#x]] /;
FreeQ[{a,b,c,d,n},x] & EqQ[a”~2-b”2,0] &% Not[IntegerQ[2xn]] =)



Rules for integrands of the form (a+b sin(c+d x))"™n

1: J-(a+bsin[c+dx])"dlx when a2 -b%?==@0 A 2n¢Z A a>0

Derivation: Piecewise constant extraction and integration by substitution

Rule:If a2-b%2 =20 A 2n¢Z A a> 0,then

J(a+bsin[c+dx])"dlx —

1 1

2™z a" 2bCos[c+dXx] . 1 1 3 1 bSin[c +dx]

- Hyper‘geometrchFl[—, --n, =, " |1- —mm ]
2 2

d\/a+bSin[c+dx] 2 2 a

Program code:

Int[(a_+b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
-2~ (n+1/2) #a” (n-1/2) xbxCos [c+d+x] / (d+Sqrt [a+bxSin[c+dxx] | ) xHypergeometric2F1[1/2,1/2-n,3/2,1/2x (1-bxSin [c+dxx] /a) [E
FreeQ[{a,b,c,d,n},x] & & EqQ[a”2-b”2,0] &% Not[IntegerQ[2xn]] && GtQ[a,0]
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Rules for integrands of the form (a+b sin(c+d x))"™n

2: J-(a+bsin[c+dx])"dlx when a2-b?=0 A 2n¢Z A a$0

Derivation: Piecewise constant extraction

Basis: 8, (absinlcedxl) L
<1+; Sin[c+dx])

Rule:If a2-b%? =20 A 2n¢Z A a# 0,then

n

aIntPar"t[n] (a +bSin [C +d X] ) FracPart[n] ( b
1+—Sin[c+dx]| dx
a

J(a+bSin[c+dx])ndx —

b . FracPart[n]
(1+ ;Sln[c+dx])

Program code:

Int[(a_+b_.»sin[c_.+d_.*x_])"n_,x_Symbol] :=
a*IntPart[n]« (a+bxSin[c+d+x])FracPart[n]/(1+b/aSin[c+d+x])~FracPart[n]+Int[(1+b/a*Sin[c+d+x])"n,x] /;
FreeQ[{a,b,c,d,n},x] & EqQ[a”~2-b”2,0] && Not[IntegerQ[2xn]] && Not[GtQ[a,0]]
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Rules for integrands of the form (a+b sin(c+d x))"™n

4. j(a+bsin[c+dx])"dx when a? -b? 20
1. J(a+b$in[c+dx])"dlx when a2-b%2#0 A 2nez

1. J(a+bsin[c+dx])"dx when a2 -b%2#0 A 2nez*

1. J'\/a+b5in[c+dx] dx when a% -b%#0

1: J\/a+bSin[c+dx] dx when a2-b2#0 A a+b>0

Derivation: Primitive rule

Basis: If a + b > @,then 9, E1lipticE|[2 (x- 2}, 25| = ﬁ\/aerSin[x]
a+

Rule:If a2 -b%? +0 A a+b > 0,then

2Va+b
d

Zb]

1 7
EllipticE[— (c— - +dx),
2 2 a+b

j\/a+bSin[c+dx] dx —

Program code:

Int[Sqrt[a_+b_.#sin[c_.+d_.xx_]],x_Symbol] :=
2+Sqrt[a+b] /d«E1lipticE[1/2+ (c-Pi/2+d*x),2xb/ (a+b)] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && GtQ[a+b,0]

19



Rules for integrands of the form (a+b sin(c+d x))"™n

2: j\/a+b5in[c+dx] dx when a*>-b*>#0 A a-b>0

Derivation: Primitive rule

Basis: If a- b > @,then 6,E1lipticE |2 (x+ Z), - 25| = ﬁ\/a+b51n[x]
a_

Rule:If a2-b%?+0 A a-b > 0,then

2b
a-b:|

2Va-b 1 7
J'\/a+bsin[c+dx] dx — TEllipticE[— (c+—+dx), -
2 2

Program code:

Int[Sqrt[a_+b_.xsin[c_.+d_.#x_]],x_Symbol] :=
2+Sqrt[a-b] /d=E1lipticE[1/2x (c+Pi/2+dxx),-2xb/ (a-b) ] 7;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && GtQ[a-b,0]

3: j\/a+bsin[c+dx] dx when a2-b%2#0@ A a+by0

Derivation: Piecewise constant extraction

Basis: Oy Jabfixl g

a+b f[x]
a+b

Note: Since _°- + ﬁ == 1 > 0, the above rule applies to the resulting integrand.

Rule:If a2 -b%? + 0@ A a+b » 9,then



Rules for integrands of the form (a+b sin(c+d x))"™n

\/a+bSin[c+dx] a b
\/a+bSin[c+dx] dx — + Sin[c+dx] dx
a

+b a+b
a+bSin[c+d x

a+b

Program code:

Int[Sqrt[a_+b_.#sin[c_.+d_.xx_]],x_Symbol] :=
Sqrt[a+bxSin[c+dxx]]/Sqrt[ (a+bxSin[c+d«x])/(a+b) |*Int[Sqrt[a/ (a+b) +b/ (a+b) xSin[c+dxx]],x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && Not[GtQ[a+b,0]]

2: J.(a+bsin[c+dx])"d1x when a2 -b?#@ An>1 A 2nez

Derivation: Nondegenerate sine recurrence 1b withA -ac, B-bc+ad, C-bd, m->-1+m, n—> -1, p-> 0

Rule:If a2-b>+0© A n>1 A 2n € Z,then

f(a+b51n[c+dx])"d1x —

bCos[c+dx] (a+bsSin[c+dx])"" 1 -
- p +—J(a+bsin[c+dx])‘ (a*>n+b? (n-1) +ab (2n-1) Sin[c+dx]) dx
n n

Program code:

Int[(a_+b_.»sin[c_.+d_.*x_])"n_,x_Symbol] :=
—b*Cos[c+d*x]*(a+b*Sin[c+d*x])A(n—l)/(d*n) +
1/n+Int[ (a+bsSin[c+d*x])" (n-2) xSimp[a~24n+b"2x (n-1) +axbx (2xn-1) xSin[c+dxx],x],x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a*2-b"2,0] && GtQ[n,1] &% IntegerQ[2xn]
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Rules for integrands of the form (a+b sin(c+d x))"™n

2. J(a+bSin[c+dx])"dlx when a2 -b2#0 A 2nez"-

1
1. J—dlx when a? - b% # 0
a+bSin[c +dx]

1
1. j—dlx when a% -b%>0
a+bSin[c+dx]

1
1: J—dlx when a2 -b2>0 A a>0
a+bSin[c+dx]

Note: Resulting antiderivative is continuous on the real line.

Rule:If a2 -b%? >0 A a > 0,letq-vaz-b7, then

1 X 2 b Cos[c +dx]
j— dx — —+ —ArcTan[ ]
a+bSin[c+dx] q dgq a+q+bSin[c+dx]

Program code:

Int[1/(a_+b_.*sin[c_.+d_.*x_]),x_Symbol] :=
With[{q=Rt[a"2-b"2,2]},
x/q + 2/(dq) *ArcTan[bxCos [c+dxx]/ (a+q+bxSin[c+dxx])]] /;
FreeQ[{a,b,c,d},x] && GtQ[a”2-b”2,0] && PosQ[a]
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Rules for integrands of the form (a+b sin(c+d x))"™n

1
2: J—dlx when a2 -b*>>0 A a3 0
a+bSin[c+dx]

Note: Resulting antiderivative is continuous on the real line.

Rule:If a2 -b%? >0 A a # 0, letq-vaz-1?, then

1 X 2
J— dx — -— - — ArcTan
a+bSin[c+dx] q dgq

Program code:

Int[1/(a_+b_.xsin[c_.+d_.*x_]),x_Symbol] :=
With[{q=Rt[a"2-b"2,2]},
-x/q - 2/(dq) *ArcTan[bxCos [c+d+x]/(a-q+bxSin[c+d+x])]] /;
FreeQ[{a,b,c,d},x] && GtQ[a*2-b"2,0] && NegQ[a]

[

b Cos[c +dx]

a-q+bSin[c+dx]

]
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Rules for integrands of the form (a+b sin(c+d x))"™n

1
2: j—dlx when a2 -b%2 0
a+bSin[c+dx]

Reference: G&R 2.551.3, CRC 340, A&S 4.3.131
Reference: G&R 2.553.3, CRC 341, A&S 4.3.133
Derivation: Integration by substitution

Basis:

F[Sin[c+dx], Cos[c+dX]] == %Subst[l1

P Flies 1l % Tan[7 e+ dx ] oxTan[5 (c+dx)]

1+x2 7 1+x2

o 12 S 1 1
Basis: by =  Subst [ — 7, X, Tan [T (c+dx)]]oxTan|[ 2 (c+dx) |
o1 2 S N 1 1
Basis: o by = § Subst [ o a5 e Xo Tan [T (c+dx)|]oxTan|[2 (c+dX) |
) Note: Tan[2] = SiolzL
2 1+Cos[z]
Rule: If a2 - b% 0, then

1 2 1 1
J—dlx — —Subst[J—dlx, X, Tan[— (c+dx)”
a+bsSin[c +dx] d a+2bx+ax? 2

1
ja+bCos[c+dx]

Program code:

Int[1/(a_+b_.xsin[c_.+Pi/2+d_.*x_]),x_Symbol] :=
With[{e=FreeFactors[Tan[ (c+dxX) /2],X]},

2 1
dx — —Subst[J-
d

1
mcﬂx, X, Tan[; (C+dX)]]

2xe/d*Subst[Int[1/ (a+b+ (a-b) xe”~2xx"2) ,x],x,Tan[ (c+d*x) /2] /e]] /;

FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0]
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Rules for integrands of the form (a+b sin(c+d x))"™n

Int[1/(a_+b_.*sin[c_.+d_.*x_]),x_Symbol] :=

With[ {e=FreeFactors[Tan[ (c+dxx) /2],x]},

2xe/d*Subst [Int[1/ (a+2xbxexx+axe”2xx"2) ,x],x,Tan[ (c+d*x) /2]/e]] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b”"2,0]

1
2. J. dx when a2 -b% #0
Va+bsin[c+dx]
1
1:J dx when a2-b2#0 A a+b>0
'\/a+bSin[c+dx]

Derivation: Primitive rule

. : . 1 T 2b __ a+b
Basis: If a + b > @,then 9, E1lipticF |2 (x- 2}, 25| = W
© Rule:ifa2-b2£0 A a+b>0,then
1 2 ! n 2b
J dx — —E111pt1cF[—(c-—+dx), ]
YVa+bsin[c+dx] dVa+b 2 2 a+b

Program code:

Int[1/Sqrt[a_+b_.+sin[c_.+d_.*x_]],x_Symbol] :=
2/ (d+Sqrt[a+b]) »E1lipticF[1/2« (c-Pi/2+d+x),24b/ (a+b)] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && GtQ[a+b,0]



Rules for integrands of the form (a+b sin(c+d x))"™n

1
2:j dx when a2-b2#0 A a-b>0
Va+bsi

n[c+dx]

Derivation: Primitive rule

e ; ; 1 i 2b 1 __ a-b
Basis: If a — b > 0, then @XElllp‘ucF[2 (x+2), - & | = W Vbsln[x]
Rule:If a2 -b%? +0 A a-b > 9,then

1 2 1 7T
J dx — —EllipticF[—(c+—+dx
Va+bsin[c+dx] dVa-b 2 2

Program code:

Int[1/Sqrt[a_+b_.#sin[c_.+d_.*x_]],x_Symbol] :=
2/ (d=Sqrt[a-b]) «E11lipticF[1/2# (c+Pi/2+dxx),-2xb/ (a-b)] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && GtQ[a-b,0]

1
3:j dx when a2-b?2#0 A a+b30
Va+bsi

n[c+dx]

Derivation: Piecewise constant extraction

a+b f[x

a+b
Basis: Oy —— =0
x \a+b fx]

Note: Since -2 + ﬁ == 1 > 0, rule f1 applies to the resulting integrand.

Rule:If a2 -b%?+0 A a+b % 0,then

):-

2b
a-b

]

26



Rules for integrands of the form (a+b sin(c+d x))"™n

dx
Va+bSin[c+dx] \/a+b51n[c+dx]

dx

a+bSinfc+dx]
J 1 a+b J\

+a—51n[c+dx]

Program code:
Int[1/Sqrt[a_+b_.#sin[c_.+d_.*x_]],x_Symbol] :=

sqrt[ (a+bxSin[c+dxx])/(a+b) | /Sqrt[a+bsSin[c+d+x] ] +Int[1/Sqrt[a/ (a+b) +b/ (a+b) xSin[c+d+x]],x] /;
FreeQ[{a,b,c,d},x] && NeQ[a”2-b"2,0] && Not[GtQ[a+b,0]]

3: J(a+b5in[c+dx])"dlx when a2 -b?#@ A n<-1 A 2nez

Reference: G&R 2.552.3
Derivation: Nondegenerate sine recurrence lawithA-1, B-0, C->0, m->0, p—> 90

Rule:If a2-b>+0© A n< -1 A 2n e Z,then

J.(a+bSin[c+dx])"d1x —

n+l

bCos[c+dx] (a+bSin[c+dx]) 1

- + J.(a+bSin[c+dx])"":l (a(n+1) -b (n+2)Sin[c+dx]) dx

d (n+1) (a*-b?) (n+1) (a%-b?)

Program code:

Int[(a_+b_.»sin[c_.+d_.*x_])"n_,x_Symbol] :=

-bxCos [c+dxx] » (a+bxSin[c+dxx] )" (n+1) / (d# (n+1) x (a"2-b"2)) +

1/ ((n+1) * (a*2-b"2) ) »Int[ (a+bxSin[c+dxx] )~ (n+1) «Simp[a* (n+1) -bx (n+2) xSin[c+d*x],x],x] /;
FreeQ[{a,b,c,d},x] && NeQ[a*2-b"2,0] && LtQ[n,-1] && IntegerQ[2xn]
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Rules for integrands of the form (a+b sin(c+d x))"™n

2: J(a+bsin[c+dx])"dlx when a2 -b%2#0 A 2n¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: 0 Cos [c+d x] -9
X v 1+Sin[c+d x] +/1-Sin[c+d x]

Basis:Cos[c +d x] = = @Xsln[c +d X]

Rule:If a2 -b%? +0 A 2n ¢ Z,then

J(a+b51n[c+dx])"d1x —

Cos[c +dx] Cos[c+dx] (a+bSin[c+dx])"
j dx —
Vis+sin[c+dx] V1-Sin[c+dx] 7 V1+Sin[c+dx] V1-Sin[c+dXx]
C d b
oslc+dx] Subst[J (arbx)” dx, X, Sin[c+dx]]
d'\/1+5in[c+dx] Vl—sin[c+dx] Vi+x V1-x

Program code:

Int[(a_+b_.*sin[c_.+d_.*x_])"n_,x_Symbol] :=
Cos [c+dx]/(d+Sqrt[1+Sin[c+dxx] ]| +Sqrt[1-Sin[c+dxx]])«Subst[Int[ (a+bxx)~n/ (Sqrt[1+x]*Sqrt[1-x]),x],X,Sin[c+d+x]] /;
FreeQ[{a,b,c,d,n},x] && NeQ[a”2-b”2,0] && Not[IntegerQ[2xn]]

28



Rules for integrands of the form (a+b sin(c+d x))"™n

Rules for integrands of the form (a + bSin[c +dx] Cos[c +d x])"

1: j(a+bsin[c+dx] Cos[c+dx])"dx

Derivation: Algebraic simplification
Basis: Sin[z] Cos[z] = 3 Sin[2z]
Rule:

n

1
j(a+b$in[c+dx] Cos[c+dx])"dx — J(a+—b$in[2c+2dx] dx
2

Program code:

Int[(a_+b_.*sin[c_.+d_.*x_]*cos[c_.+d_.*x_])"n_,x_Symbol] :=
Int [ (a+bsSin[2xc+2xdxx]/2)*n,x] /;
FreeQ[{a,b,c,d,n},x]
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